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(Communicated by Prof. A. vAN WrJNGAARDEN at the meeting of September 30, 1961) 
The author has recently conducted investigations into the numerical 
efficiency of certain continued fraction expansions for the purpose of 
computing a prescribed function of a real variable. He proposes in the 
near future to extend the investigation into the complex domain. The 
purpose of this note is to place on record the results of the investigations 
so far. 
It is in order first briefly to recapitulate methods for deriving continued 
fractions which are likely to be of use for computational purposes. These 
are as follows: 
l. GAuss' METHOD ([1] CH. XVIII) 
It is assumed that functions An, Bn, ... , Pn satisfy p linear recursions 
of the form 
(1) 
(2) 
(3) 
(4) 
(5) 
- anAn + bnAn+ 1 + CnBn = 0 
- An+l + dnBn + enCn = 0 
-Bn+fnCn+gnDn=O 
-On+xnPn+YnAn+l=O 
-Pn+ZnAn+1 +An+2=0 
where an, bn, ... , Zn are functions of n. Equation ( 1) gives 
(6) 
equation (2) gives 
(i) 
and finally one obtains 
(8) 
1) Communication MR 37 of the Computation Department of the Mathematical 
Centre at Amsterdam. 
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Successive use of equation (8) with n= 0, 1, ... gives 
(9) .A1 ao co Yo a1 C1 an Cn Yn an+l 
.Ao = bo + do+ · · · zo + b1 + d1 + · · · bn + dn + · · · Zn + bn+l + · · · 
2. APPLICATION OF THE q- d ALGORITHM 
If the continued fraction 
(10) co q1<0>x e1<0>x q,<O>x e,<o>x F(x)=l=~~···~~··· 
equivalent to the power series 
(11) 
is characterised by imposing the condition that the x power series expansion 
of the rth convergent of (10) should agree with the power series (11) at 
least as far as the term in x2r-1 then it may be shown [2] that the coefficients 
in (10) may be derived by constructing quantities q,<m>, e,<m> by means 
of the relations 
(12) q,(m) +e,(m) =q,<m+l) +e~~tll, q,<m> e~~l =q~~tl) e~~tl) 
from the initial conditions 
(13) eo<m>=O 
Continued fractions equivalent to (10) are 
- - Co q1 (Ol e1 (O) q,<o~ e,<o> 
z 1F(z 1) =- -1--- ... -1 --- ... z- - z- - z-(14) 
and the even part of ( 14) 
-1 -1 - co e1 (O) q1 (O) e,<o> q,<o> 
z F(z ) - (O • •• <ol <o ··· z-q1 )_ z-q2<0>-e1<0>- z-q,+1-e, l-(15) 
This method is formally equivalent to a number of others. A discussion 
of these is contained in reference [3]. 
3. EULER'S METHOD (4] (5) 
This method yields a continued fraction expansion for the quotient 
yjy' (the dash denotes differentiation with respect to x) where y satisfies 
a homogeneous linear differential equation of the second order 
(16) 
Successive differentiation of equation (16) yields the system of equations 
(17) l y<•> = Q.y<•+l> + P,+ly<•+2l Q __ Q.-1 +P.' p P. 
• ··+1 = 1-Q' . 1-Q'.-1 ' ·-1 
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Substitution in the equations (17) then gives the continued fraction 
(18) Y P1 P2 P~ y' = Qo + Q1 + Q2 + · · · Q~ + · · · 
(The class of continued fractions produced by this method is thus seen 
to be a subclass of those produced by the method of 1).) 
4. ExPANSION oF A LAPLACE TRANSFORM 
Two equivalent methods which, although having a limited field of 
application, may in certain cases be more convenient for expanding in 
a continued fraction the Laplace integral 
00 
(19) F(z) = f e-ztcf>(a+t) dt 
0 
than application of the q-d algorithm (or some equivalent method) to 
the series 
00 
(20) F(z) "" L cf><s> (a)z-s-1 
have been given by STIELTJES ([6], [I] Ch. XI, p. 202) and RuTISHAUSER 
[8]. 
The first, due to Stieltjes, is as follows: 
If 
(21 ) ~ cf>(a) cf>(a +x + y) = cf>(a + x)cf>(a + y) + {cf>(a)}2 f3ocp1(a + x)cf>1(a + y) + 
? + {cf>(a)}2/3o/3Ic/>2(a+x)c/>2(a+y)+ ... 
where 
(22) r=l, 2, ... 
and 
(23) r=l, 2, ... 
then the coefficients in the continued fraction 
(24) F(z) = cp(a) f3o f3r-l 
z-ao- z-a1- z- iXr-
may be determined from (21) and the further result 
(25) r=l, 2, ... 
The second, due to Rutishauser, states that if the sequences of functions 
Er(t), Qr(t) are constructed by means of the non-linear difference-dif-
ferential relations 
(26) 
(27) 
9 Series A 
Qr+l(t)- Qr(t) =Er'(t)/Er(t) 
Er(t)- Er-l(t) = Qr'(t) 
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from the initial members 
(28) Eo(t)=O, Q1(t)=cf/(t)jifJ(t) 
then the coefficients in (24) are given by 
(29) <Xr-1 = Qr(a), fJr-1 = E,(a). 
5. USE OF RECIPROCAL DIFFERENCES 
A continued fraction expansion is derived from a number of argument-
function value pairs. The numerical efficiency of continued fractions of 
this type has not been examined. 
NUMERICAL EFFICIENCY TABLES 
The numerical efficiency of a particular continued fraction expansion 
will be displayed in the following manner. The least value of n is computed 
for which the relation 
(30) 10-0nl -0- <;E 
obtains, where 
(31) 
is the nth convergent of the continued fraction 
(32) 
and E is a preassigned relative error. The coefficients a8 , b8 in (32) are 
functions of a variable x or z, as is 0. E is made to take the values 
E=1f2 10-11 h= 1, 2, ... and the determination of n is conducted for a, 
number of values of the argument. Each set of results is displayed in a 
table as follows 
TABLE I 
h 1 2 
x, z 
X1, Z1 n1,1 n1,2 
X2, Z2 n2,1 n2,2 
Xp,Zp np,1 np,2 
The functions dealt with group themselves under seven headings: the 
results of this note will be correspondingly presented. 
a) Continued Fractions Associated with Bessel Functions 
The function 
x x2 xr 
(33) oF1(c;x)=1+-11 + 21 ( 1)+ ... 1 ( 1) ( -1)+ ... 
. c .c c+ r.c c+ ... c+r 
satisfies the recursion 
(34) c(c+ 1)oF1(c;x)-c(c+ 1)oF1(c+ 1 ;x)-xoF1(c+2;x)=0 
I3I 
and the differential equation 
(35} xy"-cy'-y=O 
from which, cf. I) and noting that {oFI(c;x}}'=c-loFI(c+I;x}, follows 
the continued fraction expansion 
(36} oF1(c+ I; x} c x x 
oF1(c;x} = c+ c+I+ ··· c+r+ 
Noting the relation 
there follows immediately [8] 
J n(x) x/2 (x/2)2 (x/2)2 
Jn-l(x) = :;:;;-= n+I- ··· n+r-1 ··· (38} 
and from 
(39} 
there follows 
(40} ln(x) xf2 (x/2)2 (x/2)2 In-l(x) = n+ n+l+ ···n+r-1+ ··· 
The numerical efficiency of expansion (38), within n= l, is indicated 
in Table II, whilst that of expansion (40}, again with n= I, is indicated 
in Table III. 
TABLE II 
X 
h I 2 3 4 5 6 
0.25 I 2 2 2 3 3 
0.50 I 2 2 3 3 4 
1.00 2 3 3 4 4 5 
2.00 3 4 5 6 6 7 
4.00 6 7 8 9 IO IO 
8.00 IO I2 I3 I4 I5 I6 
TABLE III 
X 
h I 2 3 4 5 6 
0.25 I 2 2 2 3 3 
0.50 I 2 2 3 3 4 
1.00 2 2 3 4 4 5 
2.00 2 3 4 5 5 6 
4.00 4 5 6 7 7 8 
8.00 5 7 8 9 10 II 
7 8 9 
3 4 4 
4 5 5 
5 6 6 
7 8 8 
II I2 I2 
I6 I7 I8 
7 8 9 
3 4 4 
4 5 5 
5 6 6 
7 7 8 
9 IO IO 
I2 I3 I4 
IO II 
4 5 
5 6 
7 7 
9 IO 
I3 I3 
I9 20 
IO II 
6 
8 
II I2 
15 I6 
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Writing n=l/2 in (38) there follows the well known expansion 
(41) x x2 x2 tan (x) = 1"'=" 3 _ 7 _ ... 
the numerical efficiency of which is illustrated in Table IV. 
TABLE IV 
X 
h 1 2 3 4 5 6 7 8 
0.25 1 2 2 3 3 3 4 4 
0.50 2 2 3 3 4 4 4 5 
1.00 2 3 4 4 5 5 6 6 
2.00 4 5 5 6 7 7 8 8 
4.00 6 7 8 9 10 10 11 12 
8.00 11 13 14 15 16 16 17 18 
9 
4 
5 
7 
9 
12 
19 
b) Continued Fractions .Associated with the Hypergeometric Function 
The hypergeometric function 
(42) abx a(a+ 1)b(b+ 1)x2 2F1(a,b;c;x) = 1 + 1'1 + 21 ( I) + ... 
.c .c c+ 
satisfies the recursions 
10 
5 
6 
7 
9 
13 
20 
(43) ~ c(c+ I)2F1(a,b;c;x)-c(c+ I)2F1(a,b+ 1 ;c+ 1 ;x)+ 
( +a(c-b)x2F1(a+ I, b+ I ;c+ 2;x)= 0 
and 
) 
(c+I)(c+2)2Fl(a,b+I;c+I;x)-
(44) - (c+ I)(c+2)2Fl(a+ I, b+ I; c+2; x)+ 
+ (b+ I) (c-a+ 1)x2F1(a+ 1, b+2;c+ 3;x)= 0. 
These yield ( cf. I)) the continued fraction 
2F1(a,b+I;c+I;x) c a(c-b)x (b+I)(c-a+I)x 
2F1(a,b;c;x) = c- c+I- c+2-
(45) (a+r-I)(c-b+r-I)x (b+r) (c-a+r) x 
c+2r-I- c+2r-
Writing a=lf2, b= _l/2, c=l/2 and replacing x by x2, (45) becomes 
(46) arc sin (x) X l.2x2 l.2x2 3.4x2 3.4x2 r(r-I) x2 r(r-I) x2 
VI-x2 =I- 3- 5- 7- 9- ··· 2r-I- 2r+I-
... 
the numerical efficiency of which is illustrated in Table V: 
TABLE V 
h 1 2 3 4 5 6 7 8 9 10 11 12 
X 
0.2 1 2 2 3 3 4 4 5 5 6 6 6 
0.4 2 2 3 4 5 5 6 7 8 8 9 9 
0.6 2 3 4 5 6 7 8 9 10 12 13 
0.8 3 5 6 7 10 11 13 15 16 18 19 
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When b=O (45) gives the continued fraction expansion 
. . _ a a(a+1) 2 
2F1(a, 1, c, X)- 1 +-X+ ( 1) X + ··· c c c+ 
1 ax 1(c-a)x (a+ 1)cx 
= 1- C- c+1- c+2- ··· (47) 
r(c-a+r-1) x (a+r) (c+r-1)x 
c+2r-1- c+2r-
of the incomplete Beta Function. 
When a= 1, c= 2, (47) gives 
(48) x 12x 12x 22x 22x r2x r2x log (1+x) = 1+ 2+ 3+ 4+ 5+ ··· 2r+ 2r+1+ 
The numerical efficiency of this continued fraction is indicated in 
Table VI: 
TABLE VI 
X 
h 1 2 3 4 5 6 7 8 9 10 11 12 
0.25 2 2 3 4 5 6 6 7 8 9 10 11 
0.50 2 3 4 5 6 7 8 9 10 11 12 13 
1.00 2 4 5 6 8 9 10 12 13 14 16 17 
2.00 3 5 7 8 10 12 14 15 17 19 21 22 
4.00 4 6 9 11 14 16 18 21 23 26 28 29 
8.00 6 9 12 16 19 22 25 29 32 35 38 40 
Writing a=l/2, c=s/2 and x2 for x in (47) there follows 
x 1x2 4x2 (r-1)2x2 
arc tan (x) = -1 - -3 5- . . . 2 1 ... + + + r- + (49) 
the numerical efficiency of which is illustrated in Table VII: 
TABLE VII 
X h 1 2 3 4 5 6 7 8 9 10 11 
0.25 1 2 2 3 4 4 5 5 6 6 7 
0.50 2 2 3 4 5 6 6 7 8 9 10 
1.00 2 4 5 6 8 9 10 12 13 14 16 
2.00 4 7 8 11 14 16 19 21 23 26 28 
4.00 8 12 17 22 26 31 36 40 45 50 54 
8.00 15 24 34 43 52 61 71 80 89 99 105 
When a=l/2, c=s/2, and x is replaced by 1/z, (47) gives 
(50) l e+1) 2 1 4 (r-1)2 
og z- 1 = z - 3z- 5z- · · · ( 2r- 1) z- · · · 
valid for z not lying upon the line - 1 to + 1 through zero. The numerical 
efficiency of expansion (50) is illustrated in Table VIII: 
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TABLE VIII 
z h 1 2 3 4 5 6 7 8 9 10 11 12 
8.0 1 2 2 2 3 3 4 4 4 5 5 8 
4.0 1 2 2 3 4 4 5 5 6 6 6 7 
2.0 2 3 4 4 5 6 7 8 9 10 11 11 
The hypergeometric function also satisfies the differential equation 
(51) x(l-x)y" + {c- (a+b+ l)x}y' -aby=O 
which thereby yields the continued fraction 
(52) ab (a+ l) (b+ l)x(l-x) (a+r) (b+r)x(l-x) 
c-(a+b+l)x- c+l-(a+b+3)x- ··· c+r-(a+b+2r+l)x- ··· 
This continued fraction converges [9] to l d 1 { F ( b )} ab2F1(a+l,b+l;c+l;x) - og 2 1 a, ; c; x = - ---'--=-....,..-...,----,---'-(53) dx c 2F1(a,b;c;x) 
when Re (x)<l/2 or x= 1/2 
and to 
)
!log {2F1(a,b;a+b-c+l; 1-x)} = 
(54) 
-ab .2F 1(a+l,b+l;a+b-c+2;l-x) h R () 1/ 
.,-----::-- -~~___,...-__..,.--....,..-.,...----:--'- w en e x > 2· (a+b-c+l) 2F1(a,b;a+b-c+l; 1-x) 
It diverges, except at the point x=l/2 upon the line Re (x)=lf2. 
Writing a= b = 0, c = l and - x for x, it follows that 
(55) X l2x(l +x) r2x(l +x) l+x- 2+3x- ... r+ l + (2r+ l)x- ... 
converges to log (l+x) for Re (x)> _l/2 or x= _lf2. The numerical 
efficiency of this continued fraction is indicated in Table IX 
TABLE IX 
X 
h 1 2 3 4 5 6 7 8 9 10 11 12 
0.25 2 3 4 6 7 8 10 11 12 14 15 16 
0.50 2 4 6 8 10 12 14 16 18 20 22 28 
1.00 3 6 9 12 15 18 21 24 27 30 33 35 
2.00 5 9 14 19 24 29 35 40 45 51 
4.00 7 15 24 33 42 52 61 71 81 99 
8.00 12 27 43 60 77 95 113 132 150 170 
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c) Continued Fractions Associated with the Confluent Hypergeometric 
Function 
The confluent hypergeometric function 
ax a(a+ l)x2 a(a+ l) ... (a+r-l)x' 
(56) 1F1(a;c;x) = 1 +-11 + 21 ( I)+···+ 1 ( I) ( -1) + ··· c c c+ r.c c+ ... c+r 
satisfies the recursions 
(57) c(c+ I)1F1(a;c;x)-c(c+ l)1F1(a;c;x)+x(c-a)1F1(a+ l;c+2; x)=O 
and 
(5S) ~ (c+ l)(c+2)1F1(a+ 1; c+ 1; x)-(c+l)(c+2)1F1(a+ 1; c+2; x) 
? -(a+ l)x1F1(a+2; c+3; x)=O 
which may be used ( cf. 1)) to derive the continued fraction 
1
1F1(a+l;c+l;x) = __£__ (c-a)x (a+l)x 
1F1(a;c;x) c- c+l+ c+2- ··· 
(59) 
· · (c-a+r-1) x (a+r) x 
c+2r-l+ c+2r- ··· · 
When a=O (59) gives the expansion 
(60) F(I·c I·x)=-I ___ x_~ (c+r)x (r+l)x 
1 1 
' + ' 1- c+l+ c+2- ... c+2r+l- c+2r+2-
When c=O (60) gives in turn 
(61) xxx rx rx exp (x) = 1 + -1 - -2 -3 .. · 2- 2 1 · .. 
- + - r+ r+ + 
The numerical efficiency of expansion (61) is indicated in Table X 
TABLE X 
:e 
h 1 2 3 4 5 6 7 8 9 10 11 12 
0.25 1 2 3 4 4 5 5 6 7 7 8 8 
0.50 2 3 4 4 5 6 7 7 8 9 9 10 
1.00 3 4 5 6 7 8 8 9 10 11 11 13 
2.00 5 6 7 8 9 10 11 12 13 14 15 15 
4.00 7 9 11 12 13 14 15 16 17 19 19 
8.00 13 15 17 19 20 21 23 24 25 26 27 29 
The numerical efficiency of the continued fraction [10], 
(62) 2x x2 x2 x2 exp (x) = 1 + 2-x+ 6+ 10+ 14+ 
which is the odd part of (61) may be obtained by replacing each entry s 
by [(s+ 1)/2]. The expansions (63) and (64) below may be contracted 
in a similar way; 
I36 
When c=l/2 and x is replaced by x2 in (60) there follows 
z I 2x2 4x2 (4r- 2) x2 4rx2 
X -1 ez• f e-t• dt -
0 -I- 3+ 5- ··· 4r-I+ 4r+I- ··· 
(63) 
The numerical efficiency of this continued fraction is indicated in Table XI: 
TABLE XI 
X 
h 1 2 3 4 5 6 7 8 9 10 11 12 
0.25 1 2 3 3 4 4 5 5 5 6 6 7 
0.50 2 3 3 4 5 5 6 7 7 8 8 
1.00 3 5 6 6 7 8 9 10 11 11 12 12 
2.00 8 10 11 12 14 15 16 17 18 19 20 21 
4.00 27 29 30 31 33 35 36 38 
Writing -x2 for x2 in (63) there follows 
(64) x-le-z• j et•dt =_I_ 2x2 4x2 ... (4r-2)x2 4rx2 
4r+l+ 
... 
0 l+ 3- 5+ 4r-l-
The numerical efficiency of this continued fraction is indicated in 
Table XII: 
TABLE XII 
X 
h 1 2 3 4 5 6 7 8 9 10 11 
0.25 1 2 3 3 4 4 5 5 5 
0.50 2 3 3 4 5 5 6 7 7 8 8 
1.00 3 4 5 6 7 8 9 10 10 11 
2.00 6 8 9 11 12 13 14 16 17 
4.00 12 16 18 20 22 24 26 28 30 
8.00 26 32 36 40 44 48 50 54 56 59 
The confluent hypergeometric function also satisfies the differential 
equation 
(65) xy" +(c-x)y' -ay=O 
and since 
d a d 1F1(a; c; x) = -1F1(a+ l; c+ l; x) 
X C 
the continued fraction of the form (IS) is 
1F1(a+l; c+l;x) c (a+l)x (a+2)x 
1F1(a;c;x) =e-x+ c+l-x+ c+2-x+ ··· (66) 
A special case of (66) is the expansion 
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erf (x) = f e-t• dt = 
(67) 0 
{ I 4x2 8x2 4(r-l)x2 } 
xe-z• 1 - 2x2 + 3- 2x2 + 5- 2x2 + · · · 2r- l - 2x2 + · · · 
the numerical efficiency of which is indicated in Table XIII: 
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TABLE XIII 
X h 1 2 3 4 6 6 7 8 9 10 11 12 
0.25 2 2 3 4 4 5 5 6 6 7 7 8 
0.50 3 4 4 5 6 7 7 8 9 9 10 10 
1.00 5 7 8 9 10 11 12 13 14 15 15 
2.00 16 18 19 21 22 24 25 26 27 28 30 
Replacing x2 by -x2 in (67), there follows 
"' I 4x2 4(r-l) x2 (68) x-1 e-z• J et• dt -
-122 322 ... 2 122 ... o + X - + X - r- + X -
The numerical efficiency of this continued fraction is illustrated in 
Table XIV from which it may be seen that the continued fraction (68) 
is unique among this collection of expansions in that there are two points 
(x=O and x=oo) near which it is rapidly convergent. 
TABLE XIV 
X 
h 1 2 3 4 5 6 7 8 9 10 11 
0.25 2 2 3 4 4 5 5 6 6 
0.50 2 3 4 5 6 6 7 8 8 9 10 
1.00 4 5 7 8 9 10 11 12 13 13 
2.00 4 8 11 13 15 17 18 20 21 22 
4.00 2 3 4 6 10 18 25 29 32 
8.00 1 2 2 3 4 5 6 7 8 8 
(To be continued) 
